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COMPUTATION OF UNSTEADY TURBULENT BOUNDARY LAYERS WITH FLOW REVERSAL
AND EVALUATION OF TWO SEPARATE TURBULENCE MODELS

by

Tuncer Cebeci™ and Lawrence W. Carr

SUMMARY

Recently a new procedure, which solves the governing boundary-layer
equations with Keller's box method, has been developed for calculating
unsteady laminar flows with flow reversal [1]. In regions where the stream-
wise velocity contains flow reversal, the solution scheme was modified by a
procedure which accounted for the downstream influence. With this modifica-
tion, the unsteady flow over a circular cylinder started impulsively from
rest was successfully calculated to values of time and space greater than
in any previous solutions. An examination of unsteady separation for laminar
flow was made and revealed that the unsteady boundary layer for that flow,
even at large times, was free of singularities.

In this report we extend the method of ref. [1] to turbulent boundary
layers with flow reversal. Using the algebraic eddy viscosity formulation of
Cebeci and Smith [2], we consider several test cases to investigate the
proposition that unsteady turbulent boundary layers also remain free of
singularities.

Since the solution of turbulent boundary layers requires a closure

assumption for the Reynolds shear-stress term and the accuracy of the solutions

depend on this assumption, we also perform turbulent flow calculations by
using the turbulence mecdel of Bradshaw, Ferriss and Atwell [3]; we solve the
governing equations for both models by using the same numerical scheme and
compare the predictions with each other, restricting the comparisons to cases
in which wall shear is positive.
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The study reveals that, as in laminar flows, the unsteady turbulent
boundary layers are free from singularities but there is a clear indication
of rapid thickening of the boundary layer with increasing flow reversal.

The study also reveals that the predictions of both turbulence models are the
same for all practical purposes.
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I. INTRODUCTION

The prediction of unsteady turbulent boundary layers with flow reversal
is of importance in a number of aerodynamic problems, notably in dynamic stall,
buffeting and gust studies. However, some of the more popular turbulence
models implicitly assume that the wall shear is positive and their extension
to unsteady flows with flow reversal is not easy. It requires modifications
to the functional form of the law of the wall and to the manner in which the wall
shear is determined. Two near-wall assumptions are considered here. In the
first, the near wall grid point is located in the logarithmic region and the
law of the wall is used to link the flow properties at this grid point to the
wall. In the second, a Van Driest formulation due to Cebeci and Smith {2] is
used; this implies that the grid point closest to the wall will occur in the vis-
cous sublayer.

A further aspect of these flows of current interest is the possibility of
a singularity occurring in the reversed-flow region. Examples of this phen-
omenon have also been reported in laminar flows but, in earlier studies Cebeci
{1,4] and 3radshaw [5] have shown that the occurrence is not a feature of the
governing equations but is due to the limitations of the numerical procedure
used. We shall demonstrate that, for the examples we study, there is no indica-
tion of such a singularity in turbulent flow either but there is a clear indi-
cation of rapid thickening of the boundary layer.

In addition to the examination of wall functions, we have also considered
two turbulence models for unsteady flows without flow reversal. The algebraic
eddy-viscosity formulation of Cebeci and Smith (CS) is compared with the trans-
port model of Bradshaw, Ferriss and Atwell [3] (BF). Calculations were performed
to deternnine whether the representation of unsteady flows with strong pressure
gradients requires that account be taken of transport of turbulence quantities.
As will be shown, the predictions with both models are nearly identical for
both steady and unsteady flows with and without strong pressure gradient.

The report has been prepared with six main sections describing,
respectively, the governing equat:ons, the numerical procedure, the results,
concluding remarks, references and the computer program which uses only the
CS model.




I1. GOVERNING EQUATIONS

The continuity and momentum equations can be written for two-dimensional
unsteady incompressible laminar or turbulent thin shear layers as:

') v
x "oy "0 M
du su
u, ,u, u_ "%, Y o
ot tu X v y ot * ue ax * y (2)
Here
=, U _ sror
TEVE UV (3)

and we recall that u' and v' denote fluctuations about the ensemble-
average velocity; u' and v' are zero in unsteady laminar flow, and

v du/3y 1is negligible outside the viscous sublayer in a turbulent flow.
These equations are subject to the usual boundary conditions, which in the
case of boundary layers are

y =0, u=v-=0; y+3$é u - ue(x,t) (4)

The presence of the Reynolds stress term, -u’v’ introduces an additional
unknown to the system given by Eqs. (2) to (4). In this report we present
calculations using two different turbulence models. One is an algebraic
eddy-viscosity formulation developed (for steady flows) by Cebeci and Smith
and the other is a transport-equation model developed by Bradshaw, Ferriss
and Atwell. In the CS model, we write Eq. (3) as
= u

T={v+e) %y (5)
with two separate formulas for €m In the so-called inner region of the
boundary layer (em)i is defined by the following formula:

(e)y = (0401 — exp(-y/A) 1Y |2 (6)

where

- 1., _ + . .-k
A 26vuT 0 11.8(pt + px)] (7a)
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In the outer region €n is defined by the following formula

(e,)g = 0.0168 [ (u - u)dy | (8)
0

;:, The boundary between the inner and outer regions is established by the contin-
uity of the cady-viscosity formulas.

In the BF model, which is used only outside the viscous sublayer, we

assume t = -u'v' and write a single first-order partial-differential equa- 3
tion for it; the equation was originally developed from the turbulent energy ?

equation but can be equally well regarded as an empirical closure of the exact
shear-stress transport equation. This reads

3/2 j
Dr _ o1 9T 3T u _ 3 _ T :

Here 2y is a dimensionless quantity, VT is a velocity and L is the dis-~
sipation length parameter; specified algebraically by L/§ = f(n) with
n=y/s6 and f(n) given from an analytic fit to an empirical curve by

0.4n n < 0.18
f(n) = 0.095 — 0.055(2n — 1)2 0.18 < n < 1.1
0.016 exp[-10(n — 1.1)] n> 1.1 (10)

In a more advanced version of this turbulence model [6] L itself is deter-
mined from a transport equation.

The turbulent transport velocity V., nominally (p'u" + u'v'z)/u'v'
is proportional to a velocity scale of the large eddies and is chosen to be

T
V. =2y _ﬂﬁl g(n) (1)
e

where g(n) is given by
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33.37%(0.184 + 0.832n) n< 0.5
g(n) = { 33.3n3(0.368 + 2.496n3) 0.5<n< 1.0 (12)
18.7n + 14.60 n> 1.0
In the BF model equations, the inner boundary conditions for (1), (2) and (9)

are applied outside the viscous sublayer, usually at e 50”/“1' In the
steady-flow study reported in [7), these boundary conditions are:

- 1 1Y,
uy = ur<; In — * 5.2) (13)
Uy, 9u
- _ 1M1 "z
T T (14)
T
T
- 123 'l
N Tw+p axy1+“* TR ! (15)

Here v, is evaluated from the continuity equation (1), and o* is evaluated
from (1) and (2) on the assumption that the velocity u is given by
u_y

5: = o) (16)
for 0 <y« ¥y EQ. (13) is, of course, a special case of (16).~ The evalua-
tion of a* is discussed in Ref. [7]; the last term in (15) can be as large
as half the second (pressure-gradient) term. In unsteady flow without flow
reversal, we use the same inner "boundary" conditions at Y= 50“/“1’ but
because of the presence of the time-dependent term in (2), o* becomes more
complicated. If we again assume that (16) holds - remember that the turbulence
structure of the inner layer is unlikely to be affected unless the external-
stream frequency is very high - then (1) and (2) give

4 4
11] 9 9 2
7, * f Ray+FEy+ f )y + uy (17)
0 0 .Y=.Y]

T

Integrating we can write
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0
because
+
3 n +
u -
X _f u_ dy' =0
0
We can also write (18a) as
vy + vy
1 vy, 38U au 1 2
= —32- a—. y—. + + 1__1'_ . y__ +
TET PNV f W HuFn) sty f (g )dy (180)
0 T UT 0 T
or as
2u T o
= - W,
PNt e N (18c)

where F = u/uT at y =y, and ao* comes from the last term in (18b) and
is the same as in steady flow.

Equation (18c) now replaces (15).




III. SOLUTION PROCEDURE

We use Keller's two-point finite-difference method (called the Box
method) to solve the system of equations described in the previous section.
The application of this method to unsteady flows with no flow reversal using
the CS model has been described in Ref. [8]. Its application to steady two-
dimensional flows using the BF model is described in Ref. [7]. Here we
present a description of the extension of the CS model to unsteady two-
dimensional turbulent flows with flow reversal as well as a description of
the extension of the BF model to unsteady turbulent flows with no flow
reversal.

3.1 (S Method with and without Flow Reversal

As in previous studies (see, for example [8]), we transform the equations
with
- — —
x = x/L, t = tuo/L, n = (uo/vx)zy (19a)
and a dimensionless stream function f(X,n,t), where

b = (ugwx) (X, ) (190)

Here Uo is a reference velocity, L a reference length, and ¢ 1is the

usual definition of the stream function corresponding to the continuity equation
(1). With the relations defined by (19) and with the definition of eddy
viscosity, equations (1) to (3) and the boundary conditions can be written

as
' 1
(b") + 7 f" *"‘3=7<f' A pu 2 20 (20)
ax ax 3t
n=0, f=Ff=0; n+n_, f'=ue/uozie (21)

Primes denote differentiation with respect to n and

YT du
f' = u/u_, p =Y<U _:e_+___e>
0 3 € ax ot
. (22)
b=1+% €n? em = 3

For simplicity, we shall now drop the bars on x and t.
6
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We use two separate solution procedures to solve the system given by
Eqs. (20) and (21). When there is no flow rever.ul across the layer, we
us~ the standard Box. On the othe: liand, when there is flow reversal, then
we use the so-called zig-zag Box as described below.

To solve Eqs. (20) and (21) by the standard Box method, we first write
Eqg. (20) in terms of three first-order equations by introducing new depend-
ent variables u(x,n,t), v(x,n,t), that is,

(23a)
(23b)

(bv)' +-% fv + P3 = x(u %%-—-v %£-+ %%0 (23c)

We next consider the net cube shown in Fig. 1 and write difference approxi-
mations to Eqs. (23). Equations (23a.b) are approximated using centered dif-
ference quotients and averaged about the midpoint (xi, tn’ “j-%)' The
difference quotients which are to approximate (23c) are written about the
midpoint (xi_%, to “j-g) of the cube whose mesh widths are r., k
and hj. This procedure yields the following equations:

n

=0 (24a)

(24b)

isnei,n i,n i,n
AL RIS KR

(24c¢)

- £(8) _ 7
fil ~ 2T

s 303 .

-1 (2) _ -l 234
Vil = mgm, + 23n[uj_Lz 2u. 4] hy [(bv)

J

234 1 234 i-3

=3
B e o g TR AR S




Fig. 1 Net cube for the standard Box method.

Here by v?34 we mean v}'l’" + vl']’n'] + v}’"'], the sum of the values

of V; at three of the four corners of the face of the box. Also

= 21 ,n,i-l n-1,i-1
o=z (il * i)
- - 1 . n=-1,i n-1,i-1
Un-1 =7 (g * )

isn_ 1 ,c,n i,n
fi =7 (F57 + f529)

The resulting algebraic system given by Eqs. (24) together with the
boundary conditions, which now become

f =u =0, u, = u (25)

are nonlinear. We use Newtun's method to linearize the system and solve the
linear system by the block elimination method discussed in ref. {9].
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When there is flow reversal across the boundary layer at some x and t,
we modify the standard Box method used for Eq. (23c) but retain that for
(23a,b) and still center them at (xi, t., n§. %). To write the difference
approximations for the Box cente:ed at (xiiﬁﬁ t n-’ “j-g) we examine
previously computed values of uJ I If u;’ >0, then we use the standard
Box method: if uJ’; < 0, then we write (23c) for the Box centered at P
(see Fig. 2) using quantities centered at P, Q, and R, where

P= (x'i’ tn-%’ nj-lﬁ)’ Q= (xi“lﬁ’ tn’ “J'-%)
R = (X'I'HE’ tn-’l’ T\j_;i) (26)
Equation (23c) can then be written as

(bv)' (P) + 5 (Fv)(P) = x(P) [ou(Q) 24 (Q) + gu(R) 24 (R) — ev(Q) 2L (Q)

— wv(R) 2L () + & (p), (27)
Here
9 = xi+] - xi ¢ = xi —'xi‘] (28)
41 T X1 0 Xi+1 7 X0
"
Q o
Pe
t 7
//R ®
,/

X X141 X

Fig. 2 Finite difference molecule for the Zig-Zag differencing.




The resulting algebraic system is again nonlinear and its solution is obtained
by using the procedure followed in the standard Box method.

3.2 BF Method with no Flow Reversal

The solution of the governing equations for unsteady flows with the BF
model, even with no flow reversal across the boundary layer, is much more dif-
ficult than with the CS model. This is because of the hyperbolic nature of
the governing equations, together with the nonlinear boundary conditions, which
play an important role in the solution procedure. As is common in most (if not
all) methods that use boundary conditions away from the "wall," the wall shear
stress is also an unknown parameter; it can be treated as an eigenvalue or as a
mechul as described in Ref. [7]. The latter procedure is much more efficient
than the former procedure and is used here.

To solve the BF model equations, we first introduce the stream function
v(x,y) as in Ref. [7] in order to satisfy the continuity equation. With
J?; = w treated as mechul, the resulting system can be written as a system of
four first-order equations:

w =0 (29a)
w' = (29b)
au au ) a . ]
-a-+u3;(-—~u %-Ps*'t (29c)
3/2
3_1'_ éj_ —_ __\P_ = 1 X - Li 1
5t +u ax ~ T 3x 2a1 [ru [ 'rmax(G't) ] (29d)

We again center Eqs. (29a,b) about the midpoint (xi, t N y) and Egs.
-2

(29¢c,d) about the midpoint (xi_%, LA “j-g) of the cube shown in Fig. 1.

This procedure yields the following nonlinear algebraic equations:

i,n _ i,n_
W Wil 0 | (30a)
in _ dan o i
v 73 hjuj_% 0 (30b)

i,n i,n i,n i,n i-1,n _  i,n

T T, U. - U. u. u. :
h| j=1 j J=1 ¢, dsn i-1,n i,n 7j j-1 2,i,n
+ a. N - Tl e 1,
: % (‘”J-% "’J-% )+ "’J-% h, (u )J-‘s

J
1,0 _
= 28pus’, = Ny (30c)




i,n i,n
i,n im i _ -1, =t dn] a5 T F1 dn _ t-ln
Burgly * 8 [“a O A R a] g [J_F"L‘J (V35 = 43
+ ion T.iL.l’n — L},n 1,n ";'n — ,11.'? (13/2) ’" + (x 3/2)1 ey
wj_}i hj —Tj-;ﬁ hj + 2 T L1j 1"
Lo * Ly
i . 1 _ i
+(G )J’;;j’;;-pﬁ 15—J—Fj_J--—.Ia n4 (30d)
where now
] 1 N % Bn
a; ¥ ———————, B, = T, s = » % =
T X = X4 U T %28 n - 2ay

_ i-3 234 i- 1,n i-1,n-1 i,n-1 2,i,n-1
= '4(P3)n_ (’t ) + 28 (U u.]";i uj"i ) + “1[(“ )J'lz

~(u )11,n1 (2); ;Ii,n [{(u) ’"1+(u )11,n1

f 1 e 1
,n] i-1,n 1) (u' )11,n'i'|,n

i~ ¥l 5|
' 4

ng = &;(Ay —Ay) — 28 AL+ (xu' )234 28, — (6 r)gf (G )234

< d=T,n _ i-1,n-1 _ -1
M T T Ty e

< oyi=%,n~1, i,n-1 _ i-1,n-1, _ d-1,n_i-1,n
Rp =2y Umly ~ T ) T Ty

. 1,n -1 vy i- 1,n 10,1501 _ _i-1,n-1 nwi=1,n _i-1,n

(' ) + (1 ) ]N’J_% ‘J’J_;E ] (v )J-sﬁ wj‘;i

(32101, (21Tl

A ~3
4 " SDRITEE T |
J-% J=%

Again the system given by Eqs. (30) is nonlinear and is linearized by
using Newton's method. This procedure gives rise to the following form
(2 <j <)

awj - ij-'l = (r3)j (31a)

h,
S¥y = 8¥5_4 —21 ((Suj + suj_1) = (r4)j_1 (31b)
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(sk)j k=1,2,...,6)
(5])j

(sz)j

(s3)j

(54)3

(55)j

and (sk)j (k = 1,2,
(84);

(85)

(83);

(8g);

Here for convenience we have

(s]) Su; + (s,) 19950 * (s3)Jsvj + (54)3‘*3.1 * (ts)Jch + (56)36'1-1 = (r,)J

(31c)
(By)jouy + (8y)56u5 1 + (83)6uy + (Bg)gbvy g + (B5) 81y + (Bg)3875.9 = (ry);
(31d)
dropped the superscripts 1,n and have defined
=B —agu; +ag/hs (y, — il
n i3 177 Y- Y%
_ i-1,n
= "'Bn - a.i j ui/h (“’J ;! wj_}ﬁ )
= a2 Tlu')y, + ()]s,
= (53)j
= /hy, (sg); = -1/hy
6)
= __'i_ ( i-1 ,ﬂ) _ 1 Tt
2 \Ti- T Tyen ﬁ; j~%
a
| N 1
'E(‘j-*s j‘ﬁ)+jJ‘5
bt "'"" [(T )j ;5 + ( )‘i ]’n]t (84)J = (83)‘]
¥, ;
(Bgy = ¥y * = (s, —ulThom) E‘- (3" = vy
J_ ' — f.i G -
+ 2[(G )J'_ls (U )j-lﬁ] + 2' Li_tn oL + -g;-‘l
j-% J-%
'&1 1 1,n '&‘1 i-1,n
R AT el DA TN
1o 3 Tyl 8.
+x [(G') ( —(u'), ]+ -
z i-% J-% 7 1-T,n
Lol
'k =1, 2, 3, 4) are defined by:

The terms denoted by (rk).
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(r3)J =0

(rgdyy = ¥gu1 =¥y * Pylyey

(r])j = - [28 "j " + 01(“ )j X — oy {(u’ )j E(VJ N WJ %.n)

*)T0 Mg) = (F)y

= 1,n i-1,n
(ry); [z% i ¥ 8y Uyt = o™ gl M)
N, ' 1 1," ) 1 IJ\ ]
=)y e — et )0 e = T det) g,

3/2 3/2,1-1,n
REREL :j-a,
-1,Nn
Ly ! Li-n

*e * 65Ty ¥ Gy

For j = 1, we use the boundary conditions given by Egs. (13), (14) and
(15) and first write them as:

. Y%
uy = w](2.5 In —+ 5.2)

3y ¥y 3

ax Wy X =0

2 o i} 2 2
WIS IAET: tatyy " TP

9

After we write the difference equations and linearize the resulting nonlinear
expressions. we get

f
1 v -
Suy = [ . + ;T)]6w1 = (r])] (32a)
234 234 -
Y1(W1 "EZ)GU] + (W] 1 )5W1 + [(W1 E1) "y](u] "u] )]GW] (rz)]
(32b)

87, + 8w, = (ra)1 (32¢)




_ 1-1,n i,n-1 i-1,n-1
ST A i
2yi- ’ [t Y L
EZ - (w1)1 1,n _ (w%)i n-1, (wf)i 1,n-1
= . iyn'] i"] N — 1'],"‘]
F . E4 W1 + w1 ",
! 1 A + + + 2 +
' E; = —% [2.5In(1.0 + y]) + 5.1~ (3.39y] + 5.1) exp (-0.37y])] dy;
: 2 9 ’
_ 1. 123, 1 uy 1234
97 = -2y [T+ g e 1 —g 08 @)
(ry)y = wa[2.5 1n i +5.2] —
171 7 Myt v . U1
1234 12
(rz)] = y]u] (w'l - Ez) — W 34(‘1’1 - E-‘)
1234
L 21234 234 ny L1 Y ] 1234
(Y'3)-' = (w?) - T] 4(P3)i_;§y] + 7 .Y)Bn(‘w—]') E4 + fy]aiEs E3

2 up 123 1234 2
= [y =w “fylsn('v?]_) Wy =7 ¥qe4E5 W)

For j = J, we use the usual boundary condition,
which in its linearized form is

Suy = (r‘4)1 =0

(33)

The equations (31) for 2 < j < J and the boundary conditions given by

Eqs. (32) and (33) form a linear system which is solved by the block-
elimination method discussed in Ref. [9].
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IV. RESULTS AND DISCUSSION

To study the calculation of unsteady turbulent boundary layers with and
without flow reversal we have considered three separate test cases. The first
one has an external velocity distribution of the form
3)

u ='l—a(x—x2)(t2-t

A 0<x<1, t>0 (34)

where a 1is a positive constant. The same velocity distribution was recently
used by Cebeci [1] for laminar flows in order to study the computation of
unsteady laminar flows with flow reversal using the solution procedure described
in the previous section and to see whether there is a singularity associated
with such flows.

In performing calculations for this case and for the others considered
here, care must be taken in generating the initial conditions in the (t,y)
and (x,y) planes at some distance, say x = Xor For a lTaminar flow if
Xq = 0, the initial velocity profile for the velocity distribution given by
Eq. (34) can be taken as Blasius and there is no difficulty about computing
the solution in x > 0 since the initial boundary layer is of zero thickness.
If Xo # 0, we can take
%

—xg)(tz—-t 0 < x <X

Ue=1—a(x o

0

but then at x = Xo there is a discontinuity in the pressure gradient. Since
it acts on an already-established boundary layer, the initial response is
inviscid leading formally to a velocity slip and hence a subboundary layer at
the wall. The treatment of the boundary layer is then rather subtle (see Ref.
{10]) but if we are not too concerned with the details of the solution near
X = x_, which is the case here, a convenient procedure would be to write

0
£q. (34) as

U, = 1-aF((x — x,)/al(x ~ x2)(t% — t3) (35)

where F 1is a smooth function which vanishes if x < Xq and is unity if
X = Xy > @ For example, we can take F(s) = sin{ns/2) 0 <s <1, and
a =0.06 with ten stations between x = Xo and x = Xq * 2. A similar dif-
ficulty would occur at t =0 if t2 in Eq. (34) were replaced by t since

the boundary layer is well established at t = 0.
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Figures 3 and 4 show the results for the turbulent flow calculations with
! the CS model for the test case given by £Eq. (35) with a = 40 and a unit
‘ Reynolds number uolv = 2.2 x 106/m. The results shown in Fig. 3 were obtained
by using different expressions for A; those shown by circles were obtained
with £Eq. (7), and those shown by solid 1ines with Eq. (7) written as

r T -%
A =26(—) (36)
' P max

As can be seen, both expressions give nearly the same results.

The results in Fig. 4, as in laminar flows, exhibit no signs of singular-
ity for all calculated values of t. This is in contrast to the findings of
] Patel and Nash [11]. Again, as in laminar flows {3], we see the familiar
rapid thickening of the boundary layer in the reversed flow region. If it
had not been for this, the calculations would have been computed for greater
values of t than those considered here.

The two other test cases considered here correspond to Cases 4 and 5,
as reported by Carr [12]}. Case 4 is for unsteady Howarth flow. It starts
from a well-established steady flat-plate flow, on which a linear decelera-

tion of Uo is imposed at t = 0. The external velocity distribution is

given by

Q=1—Eu—1zﬂt 1.24 < x < 4.69 (37)
where o is a constant equal to 2.4/3.45 sec m !,
be steady up to x = 1.24m; the velocity distribution Eq. (37) was then
imposed as a function of x and t. This test case differs from the previous
one in that, once the flow separates, it does not reattach. For this reason,
the calculations can only be continued as far as the station where the flow
reversal first occurs. The initial velocity profile at x = 1.24 and for

all time correspond to a flat-plate profile with a momentum thickness Reynolds

number (R.) of 4860, and local skin-friction coefficient c. of 2.8 x 1073,

The flow was assumed to

As in the previous test case, we introduce a function Fl so that at
x =1.24, due/dx = 0. Since we also want the solutions at t = 0 to cor-
respond to steady-state solutions, we introduce another function F2 in order
to set aue/at = 0. With these functions, Eq. (37) then becomes

16
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Figure 3. Local skin-friction variation with x for various values of z.
Solid lines denote the calculations made by (29) and circles by (8).
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L md

0 0.5 x 1.0

0

Figure 4. Variation of displacement thickness with x for various values
of t.
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Ee =1 —EF]Fz(x - 1.28)t (38)

where

F

= sin % (5—-6'—.4—&-),

1 Fp = sin 3 youg

Figures 5, 6 and 7 show the calculated local skin-friction coefficient
Ces the shape factor H and the momentum thickness Reynolds number Re for
this test case. The calculations were done by using both CS and BF models;
the results shown by solid 1ines refer to the predictions of the CS model and
those shown by circles refer to the predictions of the BF model.

As seen from these three figures, there is essentially no difference
between the predictions of both models. Although there is some discrepancy
in the shape factor predictions, this does not seem to be too significant.

t
3, o 0.0
[¢] O 06 90 o¢o o © O o SR —
2 i M’L o . 0 04
o o0 9 © 0 o © 0 ©0 o3 5
] L
ot
x 103
0t
0 [ .
® BF MODEL
O — Ccs MoDEL
0 i 1 1 -
1.0 2.0 3.0 4.0 5.0
x -
Figure 5. Computed local skin-friction distribution.for test case 4.
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Figure 6. Computed shape factor distribution for test case 4.
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f{gure 7. Computed momentum-thickness Reynolds number for test case 4.
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According to the predictions of the CS model, which also has the capabil-
ity of predicting unsteady boundary layers with flow reversal, the wall shear
vanishes first around t ~ 0.22, x = 4.69. Since the computation of boundary
layers for values of x in the range 1.24 < x < 4.07 for t > 0.22 depends
on the specification of a velocity profile at x = 4.69, we generate such a
profile by assuming it is given by the extrapolation of two velocity profiles

computed for x < 4.69. This procedure in which the extrapolated station serves
as a downstream boundary condition, allows the calculations to be continued in
the negative wall shear region as shown in Fig. 8.

The third case considered in our study corresponds to Case 5 in ref. {12],
which in a way resembles the external velocity distribution in Eq. (34). 1t

is given by

[Ny

Ué =1+ {Az + (Bt)2 [g—-go]z}

— A%+ (Be )27 (39)
where A = 0.05, B = 3.4 sec’', £ = (x —1.24)/3.45 and the range of x
values are limited to 1.24 < x < 4.69. As before, the initial velocity pro-
files at x = 1.24 for all t correspond to a steady flat-plate flow with

R9 = 4860, Ce = 2.89 x 10_3. We again modify Eq. (39) to avoid the dis-
continuity in the pressure gradient. This time we multiply the right-hand

side of Eq. (39) by Fi used in Eq. (38).

4.0

-1.0

Figure 8. Variation of wall-shear parameter f; with distance as a function

of time for test case 4.
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Figures 9 and 10 show the calculated local skin-friction coefficient Ce
and the momentum thickness Reynolds number Re for this test case. Again
we present the predictions of both turbulence models. Figure 11 shows the
calculated velocity profiles for several t and x-stations. As is seen
from these figures, the predictions of both turbulence models are the same

for all practical purposes.

Figure 12 shows the variation of wall shear parameter f, as a function
of x and t, and Figure 13 shows the calculated velocity profiles, includ-
ing the regions in which there is flow reversal across the boundary layer.
These computations which are done by using the CS model provide confirmation
of the general trends in test case 4, namely that as in laminar flows,
the unsteady turbulent boundary layers thicken rapidly with increasing flow
reversal. A new feature however is the dip in the graphs of fx near
x = 2.5 which develops as t increases towards 0.40. It is possible that a
singularity occurs in the solution at a later time as many authors have sug-
gested is the case for laminar boundary layers. The most cogent argument in
favor of this phenomenon has been advanced by Shen [13] but we note that
the most definite sign of its occurrence appeared in his graphs of displacement
thickness which showed spikey characteristics. Here the displacement thickness
seems to be fairly smooth but the skin friction becomes spikey.

R
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Figure 11. Comparison of calculated velocity profiles for test case 5
with no flow reversal.
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Figure 12. Variation of wall shear parameter f' with distance as a
function of time for test case 5.
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V. CONCLUDING REMARKS

Based on the studies conducted in this report, we observe that:

1.

The numerical solution of unsteady laminar and turbulent boundary
layers including the flow reversal acrcss the layer can be cbtained
quite satisfactorily for a given pressure distribution. A combina-
tion of both regular and zig-zag box schemes are shown to yield
accurate results for unsteady boundary layers.

Whether the unsteady boundary-layer equations for laminar and turbu-
lent flows are singular for a given pressure distribution still
remains to be investigated. The results for test case 5 indicate
that at large times there is a puzzling "kink" in the wall shear
parameter, f&; this may be due to a singularity or it may be due

to a numerical problem. Recent studies conducted by Cebeci [14] and
van Dommelen and Shen [15] for a circular cylinder started
impulsively from rest indicate that at large times, t = 1.25 or
more, there appears to be a singularity in &* around ¢ = 120°.
However, these calculations do not indicate any puzzling behavior

in thewall shear parameter near "singularity;" the f&-va1ues

are smooth and well behaved for these and larger times. On the
other hand, examining the &*-results for test case 5, we find that
while there is an abnormal behavior in fa at large times, the
corresponding é&*-values are smooth and well behaved, a trend which
is opposite to that for a circular cylinder.

A comparison of the predictions of two turbulence models, namely,
CS and BF models indicate that for attached flows, both models
yleld almost identical results. This is also true for flows
which are sufficiently strong in pressure gradient to cause flow
reversal across the layer.
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VII. DESCRIPTION OF THE COMPUTER PROGRAM WHICH USES THE CS MODEL

Input

Essentially the input to the computer program consists of four types of
i cards. Card 1 contains the title of the flow problem under consideration.
Card 2 requires the following information to be specified.

NXT Total number of t-stations to be calculated
NZT Total number of x-stations to be calculated
NTR x~-station where transition begins. If the initial velocity

2 profile is for turbulent flows, then NTR=1. If flow is all
‘.f laminar, set NTR>NZT.
18DY Specifies whether the flow at x=0 starts as a flat-plate
" flow or as a stagnation-point flow.

=1 flat-plate flow

=2 stagnation-point flow
RL Free-stream Reynolds number, wu_L/v.
IPRNT Controls the print output
prints out only the boundary-layer parameters &%,0, Ce»
Rexs Rys H and external velocity distribution.

=2 prints out profiles as well as the boundary-layer
parameters and external velocity field.

DETA(1) and VGP are the nonuniform grid parameters that control the spacing
across the layer. The grid used in this report is a cecometric progression with
the property that the ratio of lengths of any two adjacent intervals is a
constant; that is, bng = KAnj_]. The distance to the j-th line is given by
the following formula:

-
n
—

fng = h‘(kj -D/{(Kk=1) K>1

- § There are two parameters in this equation: h1 , the length of the first step,
' and K, the ratio of two successive steps. The total number of points J
\ can be calculated from the following formula:
51
g (1 + (K= 1){n,/hy )]
J = —Tn X -
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In the computer program which embodies the present solution method, h1 and

K are chosen with typical values, for moderate Reynolds numbers, of 0.01 and
1.3, respectively. In general, approximately 50 grid nodes across the boundary
layer are sufficient to represent laminar and turbulent boundary-layer flows.
The chosen values of h; and K must be such that the formula which generates
the number og rid nodes according to a given or estimated Ne* f.e. Eq. ( )
does not allow J to exceed 101. Figure 14 is provided, therefore, to provide
guidance in the selection of J.

1.24

1.20

1.08

1.04

1.0

ne/h] x 10
Figure 14. Variation of K with hy for different ve—values.

CF and RTH are the local Ce and Re values which are used to start the
turbulent flow calculations. The initial velocity profile is generated by
using the formulas proposed by Granville (see ref. 9)

3

(ny* + ¢ + 1) = cosmn) + (n? ~ n)) (40)

X j—

u .
u
T
From €q. (40) and from the definitions of &* and 6, it can be shown that

&* _ e YUY oo
- / m U; dn ;a; (T? + 1) (41)




1
u u 2
Sefo-Lydn= (e - () 12+ 2100 + Lsi(m)) + 1,602
0 e e e e
+ 1%5 - 7% — 0.1229251} (42)

From Eq. (42), taking Si(n) = 1.8519, we can also write

Ro Y D - -T—Z(l 9123016 + 3.05603 + 1.51°
ﬁé_ KueTf KU ' ) -51°)

Evaluating Eq. (40) at n =1, we get
su_u
e_1 e 1
T 1n<—-—v —u>+c+2n (43)

For a given value of Cs and Re’ we can solve Eqs. (42) and (43) for ¢
and N and then substitute them into Eqs. (40) and (41), thus obtaining
u-profile,

Cards 3 and 4 read in the t and x stations, respectively. The
present computer program specifies the external velocity distribution by a
formula and computes the dimensionless pressure gradient parameters analytically
as is shown in the listing which follows this section. The test case in the
computer listing is for case 4 of ref. [12].

Output

Depending on the [PRNT, the computer program prints out the profiles
f, f', f* and b as a function of the similarity variable n and grid
parameter j together with a parameter KALC(J). Here KALC(J) = 0 when
we use the standard box and = 1 when we use the zig-zag box.

ETA n
F f'
U f'
v f"
B b (=1 + e;) equals 1.0 for laminar flows

The output also includes displacement thickness &%, momentum thickness 6,
local skin-friction coefficient Ces Reynolds numbers based on &* and o,
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!
‘ t
that is, Rd*, Re and shape factor H. The definition of these parameters ! {
and their computer notation is i
w ) {
DELSTR §* = _0/' (1 - u/uy)dy
THETA o = J u/u (1 = u/ug)dy
0
2
CF Ce = er/pua
= A%
RDELST ~ R¥ = 8*u /v
RTHETA Ry = euolv
RZ RZ = ZUO/v
H §*/o
In terms of transformed variables, &*, ¢ and ce can be written as W
PO - '
¢t = = [n, —f/f]
! R
z
L n
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! CTMMCN/BLCN Y/
. |>
COMMPN /RLC 1/
1
COMMON/RLCP/
1
COMMNN JERNT/
rFOMMOM /INTD
COMMAN /SAVE Y/
. FOAMMNON /R S/
NIMENSION
NIMENS ION

NXToNZT NXyNZyNP NTRITMAX,IBOY NPT,1Z21G,ITURR, ETAF,
VGP,A(101),ETA(101) (,PFTAQIOL)
xt101)+.2(81),UC(B1) yF2(B]1) .,P1(B1).P2(81),°3(101,81),
Ur(101.,81)

NFLVI1IO1) F(101,81.2),U(101,+81,2).V(10},81,2),
R{101,81,2)

1PRNT

NyTEX(R])

ITIME G NXTD,NZTD,XC{101) 4 20(81) ,CES(81)HE(81) RTHET A
FC(101) .0 (101),VC(101),BCC101)
FF{101,2),UU1101.2),VV(101,3),BR(101.3)

PTH=TA(8]1)

CCAr(5,101) NXPRNT

M = 0
Ivvax = 10
ITImE = 0

5 MX = 1
N7 = 1
N =0
1M = TTIMZ 4
AL mmeyT
1€C ITIME 7, 1 ) GNP TP &
cALL 1vp
6o T 10

F N T J = l.NOT

F{Jele2)=FCE(J,2)

U3 1, 2Y=U010 3, 3)

Vi, 1.2)=VVILY, )

Al).1.2)=RR(J,2)
7 TONTINUS
1

NI IBENT LT, 2 JAMD, TTIME AT, 2) WFITE(&,110)
1 7(N7)
e (¢ JTyea E), 0 ) ~N 7O 12
12 C NY .0, 1 LAND, N7 ,EQ. 1 ) €O TN @0
12 £ONT IMUFE
IF (N7 7D, 1 LAND, MY T, 1 ) RT TC Q0
1~ = 0
b vhaery = 0
20 7Y = 17+
TELYT B, TTMAX) GN TN 30
WwoerTs(e, 19C ) N7
e ¥ o
N IF(mY aE, MTRY CALL SPNY
e (MY 6T, 1 Y G TN 8¢
cALL ICPNY?
GM T ¢Q
§Q0 rALL CRFERITTY

AN FALL SCLVRITTY)
cfELL O SMONTH
-  FMEFK ENQ FANVERARENFE
YF(rT? CF, MNTR) AN
Fo-l AV TNAE £) Ny
terersIfoLven) )
5T TN PO
Fe=THCA ENT £ Oy
0 TFLARSITELVIL))

JC 70

. T, C.00C1IGC "7 20

LTe ?,8F-04 T, ARS(DFLVI(1)/
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a0

co

o1

Q2

96

97

c9q

1 IVIELN7,2)+N0, 85%DFL VLYY LT, 0.02) GO TC 80
6N T 20

TFI{ND B0, NPT) GO "N <0
TE(ARSIWN(NMD-D2,NT7,2) JUINP (NZ,2)~-1.0) .LT. 0.0015
1 JAND, ARS(VINP ,NZ,2)) .LF, 0.001) GC TN SO
TREIGROAW,GE ,2) GPTO €C

e = TGPNWe]

WRITE(6.120)

tL = 2

CALL GROWTH{LL)

nre T 20

~ALL CUToyT

TE { NY fF, NXPONT ) TPRNT = 0

TP ITIME 5T, 2 ) GD T 1O

1E ( ITIME =20, 2 JAND, NZ .FQ. 3 ) GC "0 ©6
TP ( ITIME NE, 1 ) GO T2 10

It M 47, 2}y GC TN €2

lala BN o | J-_-l.'\]p‘r

EE(J,3)=5(D. 32, 2)

Nty . 31=U(J.3,2)

VVIJ.23)=vI(S. 2, 2)

RA(d,3)=R(J, 3,2)

TANT INYF

am T €

M =M o+ 1

Nt e3 J=1.MPT
FEE(JM) = T(IM, D)
UG M) = UlJeM, 2}
VVIS.M) = V(J.M,2)
RP(J.M, = p‘JoMOZ)

FONT INNIE
IE (M L7, 3) R0 TP 0

NNT = 2

rey | EFFPoPE NPT, FE, UL. VV, RB, NNZ )
M7 = 3

G507 10

LV} = 1

"N g7 § = 1.NPT
CE(J.M) = SC(J)
HUtI MY = UC(Y)
VWiJ.M) = v(iy)
RRIJ.MY = BC(Y)
g9 K o= 1,7

" = M1

Rt GR J = 1.NPT
EE(JoMY) = =(J,¥,2)
HNUEJeM) = UL, 2)
YV MY = V(]J,K,2)
RATY,M) = RIJ,K,2)
M7 = 1

FELL OFPENE ( NOT, FF, UU, VV. RB, NZ )
ITIME = [TIME4)

TE € IPEN™ LT, 2 LAND. ITIME ,GT. 1) WRITE(E,110) NMX NZ XINX).
1 (N7
CALL CUTPYT




100 FNEMAT(1HO, 16X, 32HITFRATICONS EXCEEDEN TTMAX AT N7Z=,T13)

101 EPOMATLIS)

110 FOPMAT (1HO, 4HNX =vI395x94HNZ o123 ,FEX,3HX =.F10.5,5X.3H1 =4.F10.5)

120 SNIMAT( LIHO,2X, *ROUNDLAFY LAYFR HAS GRICWN')

121 FNAMAT [ 1HO, SX 3 SHNX = 413 ¢5X,8HXINX) = ,F10,5,5X.5HX] = ,F10.5/
11HD, EX 4 2H J 4 5X¢SHZ (J) 45X, 8HV (WALL) ,10X,2HCE,
2 13X 1HH, 12X EHRTHETA , 13X 42HLE 48X 6HEXTRAP / )

122 FNOMAT (1H 45X, 13¢2%eF110€95(2XE13.6)45X%X,11)

AN




1

1

1

1

1

1

1

1
10

CURENYTINF COFFGIIT)

FOMMON/BLCN / NXT NZT NXyMNZ NP (NTP,TTVAX,TIRDY NPT, 121G, 1TUFR,ET AE,
VGPL,A(101),FTA(101),DETA(101)

CoMMON/RLCL/ X(101),2(81).,UC(81) +PZ(81),P1(81),P2(81)},P3(101,R1),
y={101.,81)

cAMMAn/gLCC/ S1(101),S2(1C1),53(101),5S4(101) ,8S5(1011,S6(101),
R1(101).R2(1C1).P3(101)

CCMMON/RLCP/ DELV(1OL1),F (101,81,2),U(101,81,2),v(101.81,2),
R(101,81,2)

FAOMMNAN/7G2G/ KALC (101)

COMMNN /SOVE/ NZIG,NZIGS

UINP N2, 2) = UE(NX,NZ) / LOINZ)
UNB = 0.5%(UNINZ)I+UOINZ-1))
IF { IT 4GT. 1 .AND. NZIGS .FQ. 1 ) GC "0 6

NZIG = 0

KALC(1)=0

DT &4 J=2.NP

UR = 0.5%(U(JNZ,2V+U(J-1NZ,2))

1ftys .GE. 0.0) GO TO 4

MZ1G = 1

KALC(1)=1

GN TO &

CONT INUF

NDELY = XINX)-X(MX-1)

PeLzZ = ZIN7Z)-Z(NZ-1)

7R = 0.5%(Z(NZ)+Z(NZ-1))

FEL = 28/DELZ

BFLM = 7B/(DELX)/UIOR

FFL2 = 0.5%C°EL

CFL4 = 0.25%CFL

P1H = 0.5%P1(NZ)

P2H = 0.5%P2(N7)

P 1R = 0.5%(PLINZ)+P1(NZ-1})

p 2R = 0.5%(P2INZY+P2(NZ-1))

P18H = 0.5%P1R

P38 = 0e25%(P3INXGNZ)+PI{NX=14NZ}+P3INX4NZ-1)+P3(NX-1,N7-1))

DUSDZ = 0425%(UINP ¢NZ42)%%2-U(NP NZ~142) %%2
FUINP 4NZ 4, 1) %x%2-U(NP (N2-1,1)%%2) /DELZ

nuynx = 0.5%(UINPoNZ42)-UINP,NZ,1}+
UINP4NZ-1.,2Y-U(NP4NZ-1,1)1)/DFLX

p3R = 7B%x{DUSDZ4LUNX/LOB)I+P2B* (U(NP¢NZ7,2) *%24+U(NPyNZ 1) %%2

HUINP o NZ-1,42)1%*%2+UINPyMZ-1,1) %%2) %0,25
TFIN7 .FQ. NZT) GO TN 10

M7P1 = NZ+1
= | = ZINZI¥R( (ZINZP1)-2(NZ))/(Z(NZP1Y=-Z(N7-1))/DELY )
1M = 0.5%%1
£2 = Z(NZY/DELX/UO(NZ)
£3 = ZUNZYRDFLZ/(Z(NZPIV-Z(NZ-1))/(Z(NZ)-Z(NZP1))
D387 = 0.5%( P3(NX,NZ)+PI(NX-1,NZ) )
nruUNX = (UINP ¢NZ42)=U(NP(NZ,1)) /DELX
DUSPZ = 0.5 (LUINP ¢NZ¢2)%%2-U(NP4N7=1,2)%%2) %]
HLUINP GNZ,, 1)%%2-tJ (NP yNZP1 41 ) %%2) *E3)
©387 = Z(NZ)%(DUSPZ/ZINZVI+DUDX/UC(NZ)V+
P2INZ )% (UINP (NZ ,2)%%24+U(NP,AZ 1) *%2) %0, 5
CONT INUE

NN 60 J=2,NP
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NEZRY
cR4
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20 fVy?2

1

1

1

1

=vJ1

=e 1)
VYR 234
1eap
reaa
fyeaty
ek
||CJ2
teay
1€ 224
Vil
V2
VR234
RVI]

RV Y2

(a0
v
Mg
FMa
N2y

PPC_CCI
c109)
AVARD
NIEIINE
YRR
<51J)
ety
22091

KA (S
TN

ce >
vR?
EVRY
1ag
ERG
TLYN)

Oo5%(EUINZ,2)+F LJ-]1,4N7,2))

OB (FUIINZo2YEXVIJNZ G2V 4F (J=1 N7 ,42)%V(J=-1,NZ.2))
CoeS%(UIJNZL2)+UTI-1,NZ,2))
OS5%(ULIINT s 2)%%24U(J-1+NZ2+2)%%2)

055 (V(JeNZ=12V4+U(J=1,NZ-]1,2))

0.5 (U(JNZHL1)4U(J=1,NZ,1))

0.5% (VIJNZ 214V (J=1,NZ42)) !
(RUJNZs2)RVIDINZ 2V =B (J=1yNZ+2) %V (J~14NZ,2)¥/DET2(J3=-2) {
D.5%(FUJNZ7,1)+F (J=-1,NZ,1))

05% (UL N7,1)%%24U(J-1,NZ,]1)%%2)

0. NZT) GO YO 20

716 Q0. 1 ) GC TN 2C

= FUIWN7 «1IEVIINZGLI4F (S N7=1 1) %V (J,NZ-1,1)4
ClIWNT=1,2)%V(JsNZ-1,2)

FlI~1 M2 1VEVII-]1 o NZ W 1)+F (J-]1 JNZ=1,1) 2V J=-1,N2~-1,1})+
E(I=~1eN7-1,+20%V(J~1sNZ=~1,2}

O0e25% (FUIGNZ=1 41} 4F (J-1 g NZ=1 41} +F (JeNZ=-142)+F(J=-1.N7~-1,2))
D, 5%(EVJ2+¢cVI1)

0S¥ {ULINZ-1,2 %24 L (J=]1 N7-1,2) %%2)

OS*% (UM NZ=1,1)%%x240U(J-1NZ--1,1) %%2)

0.5%( 1SR 24¢UISR 3)

De25% (ULINZ=14114+UI=1 e NZ-1 1)+ U NZ 1) +U(JI~14M7, 1))

DOJ W NZ o 115224 U(I o NZ=1 4 1) % %22 UG M7 ~1 42) %2

WA= 1 NZ1Y%%24U(J=1 NT7=]1 o1} %%H24+U(J=1 yNTZ=1,2) %22
0.5%(1JSJ2+4USJ1)

VIJ=1eN7,1Y4V (=1 NZ=1,1)4V(J-1,N7-1,2)

VI M2 114V (JeMZ=141)4VIINT=1,2)

0.5%(VJ2+4Vyl)

B~ YaNZ2e1)%VII=1 N7 1) 4B(d=1 «N7=1,1 1%V {J=-1 N7~1.1)4
BJ~1eNZ-1e2)%V(JI~]1sNZ-1,2)

PUIWMZ o 1YRVIJoNT L) +BUIoNZ=1 41} %V (JsNZ=-1,1)+
RLJWNZ=-1,2)%VIJ4NZ=1,2)

oW oo

n

LT T I T T I T N B T [ 1]

"

UsR4-2,0%1S871
(JR2-2.0*%URK1
FR4w2,0%FRT]
(RVJY2-RVJ1Y/PETA(J-1) i
CMLI%RCEL-0, S*CRLEVR224%CM4+2, 0*BELMECMD ~CMB-PIB%XFVR234
D 2R*|JSR 234-4,0%P 2R
CIENTS =08 THFE PFRLLAR RCX,
B(JNT2)/DETA(I-1)4PLEHXE (J4NZ,2)+CELL*(FB4CMG)
~RUI~1sNZ2)Y/NFETA(J=1)4PLRHXF (J=1 yNZ2) +{SLLZ(FRECMG)
PIPHRVIJNZ,2)40 5L 4% (VB+VE234)
PIRHAVIJ-1,N7,2) +CELG*(VB+VB234)
-(P2R#CELIXU(IMZ+2)-BELM
~ID2B+7EL )R U(J-14NZ+2)=RELM
CN3J-(NEPBV4PIEXF VB~ (P2R4C T L) %USB+CEL? ¥ (VR*FB+VR234%FR
+TM4xYR)~REL M%2, 0% LR)

wonononn

+

1]

Hononnonn

y=0 <
40 ;

0eB%(FUINT=L,2)+F (J=1N7=-1,2))

DS IVIJNT=-1,2)4V(J-1,NZ2=1,2))
OeSx(F(INTWLIXVIIMTH1I#F (=1 NZ 41} %V II=-1.NZ. 1))
OoS%HIHIJNTPLLIY+UI-1,NTP]1,L1))
0.5%(F(JNIPY,L1IV4F(J-1,NZP1,1))

0255 LUCSNZ 3114001 aNZ 1Y HUCINIPLLLIHUTI=-1,N7P1.1 )

[T S | SO B
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40

50

VRGE = 0,255 (VIINZ41)4VII=1NZy1V+V(J4NZPL 1)4VIY-1,NZIPL,1)
DFaVe = (B(JJNZ431)EVIINZ1)=B (J-1 ¢NZ 1) *V(JI=-1NZ,1))/DEVA(Y=1)
-1 T FIHR(VE2%RFR2-UR2%%2) +E 3% ((URG-URGE) *URLE-VRLEL*( FB4-FRE) )
2 = DRARV44PI(NZ)I*CVR4-P2 (NZ) *x'SB4+2,0%P3 B2

r3 = —(242.0%C1-2,0%F 2% B4

FAEEFICFIFNTS FOR THE 7ZTG-ZAG RCX,

SIHI) = BUSNZL,2)/PETA(I=1)+PLH*F (J4NTZ,2)+F1H*(FB~FB2)
S21J) = =8(J-1.NZ2,2)/NTTA(J=-1)+PLIH%F (J=1 (NZ,2)+ELH%(FB-FR2)
CS2{J) = PIHRVIINZ,2)+F1HE(VB+ VR 2)

T403) = D IHRVIJI~1,NZ,2)+E1H*(VR+VB2)

SE(J) = =P2INZI®XU(JI,MT42)-E2-F1*U(J.NZ,2)

SAE(J) = =P2INM7)IRU(J-1,NZ42)-E2-F1*U(J-1,NZ,2)

C2(J) = C3-(DSCBV+P LIN7I*FVYR-P2(NZ)*USR-2 .0%E2#)B-C1X(UB%%2

~VR%FR-VR2%FB+FR2¥ VR))
KALr{J)=)
RUJ)Y = F(I=LeNT42)=F{JNZ,2)+NFTRA{J=1)*UP
R3J=-1)=U(I~1eNZ 4 2)-U(J,NZ,2)+DFTA(J-1) *VB
FONT INUE
LACHE S D
R3(NP)
cT1(l1)
F201)
pETYRN
[~ X0 el

« 1 )} N7TGS = NZIG

0
0
0

"o on




SURFOUT INE EDNY

COMMAN/RLCO/ NXToNZToNXGNZ NP NTR,TTMAXSIBDY (NPT 121G, ITUYRS, ETAF,
1 VGP,4(101),ETA(101),DETA(101)

FOMMDM/RLCL/ XU101),Z081),UC(81) ,PZ(RL1),PL(RL1),P2(81),P3(101,R1),
1 us(10l.81)

CNMMAON/BLCP/ DFLV(101),F{101,81,2),U(101,81.2).V(101,.,81,21),

! R{101.81.2)

COMMON /RLEN/ RLLCF LR TH

NIMENSION EDV(101Y)

NIMFNSION  TR(101)

. GAMTR = 1.0
’ TEF { ITUer NF, 0 )Y GO TC 12
ure = 0.0
url = 1, 07U INXNTRE=1)
NC 109 I=NTR,NZ
2 = 1, 0/7UF(NX.T)
yolr = (I0T+(UNLI+UN2) %0, SR (Z(T)~Z2(I-1))
10 uny = yn2
=G = RB,25F-04%UF (NX NZY%%k3 / (UT (MNXG NTR=1)%Z(N"R=-1))%%] 34
SYPT = ACACL kXD, 66%(Z(NZ)=-Z(NTP=1)) %001

TE U EXPT 1 F. 10,0 ) GAMTF = 1,0 - EXP(~FXPT)

12 <uM1 = 0.0
F1l = W(1NZ,2Y7U(NP GNT42)% (1 0-U(L 4NZ42)/U(NP,NZ,42))
NN 12 J=zMP
€2 = ULI N7 22V /UINP (NZ42)% (1. 0-UlJ,N7,2)/UINP(NZ,2))
TN = SIMIH(FL+F2)%2())

MECTEE =D | = ©2
THETA = SORT{ZINZ)/(PL*UOINZ)) )I*SUM

b €T = UF(NXJNZISTHETARRL

TR RPT 15, 425.0 ) GO TC 14
TF L tT .67, 6020.0 ) GO 77 15

XP1 = 07/425,0-1.0
Dt = 055%(1.0-CXP(~0.243%SORPT(XPI)=2,9RXXPI})
nC ™ 20
3 14 P1 = 0.0

6h TN 20

15 o1 = 0.8%

~

20 TRLG = 0
L vd = SOCPT (UGINZI*Z(NZV%OL)
R74& = S0°T (°72)
VMAX = V(1,N2,2)

0N 3C J = 2.NP
TFCARSIVI M7 42 )oGTLERSIVME X)) VMAX= VIJNZH2)

30 FONT INUF

FOVR = 0,0168%(1,.55A(1.CHPT1I%0 Z2% (UINP NZ 42} %ETA(NP)=F(NP.NZ,21)

1%GAMTF

J =1
80 1118 .50, 1) GO T <O

OPLUS = (P2(NZY/RZ&IX(US (AXINZY/UTINZ) ) %%2%(1,0/ ABS (VMAX ) %*] ,5)

vyna = RZ4*xFTA(J)*SOPTIAPS(VMAX)*(]1,0-11.8%PPL1IS))/26.0
=L = 1.0

IF(YNA LT, 4.0} SL = (] .C-FXP(-YCA)) *%2

ENVI = 0.16%72%ABSUVIJNZ42) VRFLEGAMTREETA (J) % %2

TELERVT 4 T. ENVOY GP TN 1CO
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pipl.r M, U,

TRLe = )
S0 FOV(J )= ENVD
G2 °n 110
100 EPV(J )= ETVI]
IFtJLF.2) GOTN 110
IFIENVID)GT.ENVII~-1)) GCTC 110
1 EAViJY=z FRVIJ=-1YS(EPVIJ-11-FPV(J=2) ) *VGP
- ITLERVIY).LT.ETV?Y GOTO 110

St bR

! Tav(g )= Enyn
1FLG =1
110 R(J,NZ,2)= 1, 0+4ENVII)
J = J+1
TE(y JLE. MDY} £Q TP 20
NDMI = \Jp-l
TR(1) = R{1,N7,.2)

N 18C J = 2.NP

TR{J ) (RUJ=1 NZ2)+R LJNZ7,2))%0.5
150 CONTINLIE

TR{NE) = TR{MDMY)

n 176 4= 2,NOM]

REIeNZ,2)= (TROJI+TR(J+1))}*0. 5
170 FOMT INUS

RINDGNZ,2)=A(NDMLI,NZ,2)

D ETYON

FND
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10
2n

SURPJUT INE G I
rFOMMANZBLCO/Z NXToNZTNXyNZ NP NTR,ITMAX ,IRDY (NPT ,1Z1G, ITURB, FT AF,
1 VGPA(101),FT2{2101),0ETA(10])

1E((VGP-1,0) LLF. 0.0C1) GO TC 10

\MP = ALOGU(ETAE/DETALL))I*(VGP=1.0)+1.0)7ALCG(VGP) « 1.0001
DETLIL) = FTAER(VGP-1.0) 7/ (VGP*X(NP-1)-1,0]
G TN 20

np = FTRE/NETA(LY + Y1,.CCO1

IFINE LF, 101) GO YO 20

WEIT=( 6y 50 )

<TNp

ETA( 1)Y= 0.0

nno4C J=2.101

NFA(JI=VGPXDF TA( §=-1)

A1) = Q.5*PETALI-))
ETA(D )= FT2(I-1)#NETACY-1)
EETURM

e am ar w w we wr e W er e wm e e em ms ar aw e e e e e e e m W W w = = e

FOTMAT(IHO.' NP EXCESFEN 101 -- PFCRRAM TERMINATEDY)
ean

A e R B e

ORI DR
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100

SHUREAPTINE GROAWTH(LL)

COMMONIRLIN / NXT NTIT NXINZ NP NTR,ITVAXIRDY NPT,L,IZIG,ITUUER, ET AT,
1 VGPA(101).,ETA(101) ,DETA(101)

crvunn /eLCe /s PELVILICL)WF (101 ,€2,2),UC101,81,2)4.V(201,81,2),

1 R(101.81.2)

NPD = NP

N!Ol = ND4+1]

NPUAY = 101

IF ( LL «F0. 1 ) 60 TN G5
\p = ND 4 2

!: ( Np .GT. \lp‘? ) NPSNDT
MDMAY = MD

9 13C J = MPY.,NPMAY

CUINZe2)= UINPT W NZ W2)%(STA(I)=-FTA(NPO) ) +F (NPCO,NZ,2)
WEJaMZ,2)Y= UINPQWNZ.2)

V()1.N2,2) = 2.0

BCIeMZ,2)= RINPDLNT7,2)

FONTINGIE

ReETYRM

END
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SURFNUTINF ICOM7
FOMMON /BLCO/ NXTINZTNX NZ NP NTR,ITMAXIRDY (NPT ,L,IZ1G, ITURKR, FT AE,

1 VGP.A(101) ,ETA(101) ,DETA(101)
TOMMON/RLCL/ X(1011,7(81),UQ(8L) +RZ(B1} . .P1(R1),P2(8B1).P2(101,R1),
1 UE(101,81)
COMMPN/RLCP/ DELV(101),F(101,81,.2) 4U(101,R1,2),V(101,81,2).
1 R{101.81,2)
4 COMMAN/RLCC/ S1€101).S2(1C1),S3(101),S4(101) ,85(1011.S60101),
! 1 R1(101',R2(101},R3(101)
Ff e e e e e e - - e - . e e e e e e e e . e . m - - = = - - -
REL = 0.0

IFINZ 67, 1Y BEL = Q0 5% (ZINZV+Z(NZ-1VY/CZINZYV=-Z(NZ~1})
PIINZI+REL
P20 P2(N7Z)+REL
- nno3C J=2.,MP
r DEFINITINONM 0F AVZRAGED QUANTITIES

non

cR = 0,5%{F(JNZy2)4+F (J-1,N2,2))
R = 05%(U{JINZ,2)+U(I=-1,NZ,2))
ve = 0,5%(V(JIN?7,2)+VIJI~]1.NZs2))
Fya = 05k (F{INZ2YRVIIINT 42)4F (J=1,4NZ,2)%V{JI=14NZ,42)}))
(SANL-] = 0e5%(U(SNZ,2)%%24U(J~14NZy2)%%2)
NERRY = (R{JNZs2VEVIINZ2)=B{J=]1 ¢NZ,2)%VIJ=-1,NZ2,2))/NETA(J~1)
IFIN? GT. 1) GN TN 10
rFR = 0.0
cun = 0.0
VR = 0.0
TRRA = =P2(NZ)
o T 20
10 CF8 T 05%(FUJINZ=1,2)+F (J=14NZ~1,2))
Cyr = 0.5%{U(JN7=1,2)+U(JI=]1NZ~1,2))
FVR = 0.5%(V(JyNZ=1,2)4V(J=-1,NZ=-1,2))
C-:VB = 0.5*(‘:(JoN?"lv?)*V(JvNZ’l'2)*F(J"1 vNZ'lq?)*V(J"qu?”le’)
CUYSR = 05%{ULINZ=1,2)%%24+U(J=~] ¢NZ-1,42) %%2)

CRERAV= (BUJINZ=142V%VIJINZ-142)-BlJ=1 MZ-14+2) 3V (J-1.NZ=1,2))/
1 DETA(JU-1)

CLA CDFRBVHPLI(NZ~1)*CFVR=-P2(NZ-1)*CUSB4+P2 (NX,NZ~-1)

fRA ~=P3(NXJNZY+BELX* (CFVBE-CUSR)-CLB

YD

CNFFFICIEMTS OF THE RYFFEFENCEDR MCMENTUM FQUATICN

20 SUJ) = RUJNTL2V/NETALI-1)+(PLIPRF (J,NZ,2) -BEL%CFB) *0.5
S?203) = =B(J-1NZs2V/DF TA(I=-1) 4 (PLPRF (J=-]1 yNZ,2)-BEL*CFB)*0,5
S3(J) = 0.5%(P1PRV(JIWNZ,2)+BEL*C VB)

C4(J) = 0.5%(P1PkVII~1,N7,2)+BFEL¥CVE)
S6(J) = =P2P*ULJIWNZ,2)
S6(J) = ~P2P%U{J-1+NZ,2)

€ DEFINITINNS OF RY
O1(J) = F(I=1,NZ,2)-F(J,NZ+2)+DETA (J-1)*UB
1 €3(J=1)=U(J=-1.NZ,2)-U(J,NZ+2)4DE TA(J=1) *VB
1 ©2(J) = CRB-(DERBV4P 1PXF \B=P2P*USE-BE L* (CFRAVR-CVR*FA) )
30 FONTINUE

21(1) = 0,0
R2(1) = 0.0
L ®3(NP )= 0.0
R ETURN
END
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SYREAYTINE N
FOMMAON/RLCN /
!

FAMMAN R Y/
1

~PUMNN FRL P/

FOMMON /RLAD Y/
CNUMAN /PRNT /
FOMMCN /SA VS /
RIMENSION TTT

1 = 22,1415
NPT = 101
1TMAX 10
TTAE 8.0
1¢n ?
INTEC 2
PL 1.0
RaA 2.4/
TELITIME L5Q.
MXT=NXTP
MP TN T
NM 40 [=1.MXT
40 Y(I)y=yn(1)
NN 42 T=1,N7T
42 01)=27(1}
5N TN AD
60 1TYyeR = 0
RFADL (B, 270)
fEAN {5, 260)
1€ ( MTR L,=Q,
crAD (£, 2€C)
FELN (€. 290)
NXTR=NXT
MTTO=NZY
N 70 T=1,NXT
73 XN 1Y¥=x(1)
At 72 I=leN77
72 1001Yy=7(1})
71 = 201
nO74 11,3

it "8 H toa

T4 7(7) 3 71-9,01%(3-1)

NXT=1}
NZT=12
a3 "™ 120 T=1l.NX
X€r) = x{(1y) *
100 CANT INHE
IF( I¥Im= ,2Q
WelTe(te. 220}
WeITZ(&s 240)
WeIT=(e, 242)

120 "0 14C Y = 1.
HeECleI1=1.0
P23{1.11=C.0

r DOFSQUEFE MDA

pyY

NXT NZT NXGNZ NP NTR ITVAXGIRDY W MPT 1216, 1R, F7 AF,
VeEO LA(101),772 (1010 ,FETa(10])

X0101),7(R1),LN(R]Y R7(81),PL(R]1),02091),P3(10L.81},
JE1101.81)

DELVI101),F (10148142 4U{101 48142 VI101.R1.2Y,
3(101,81,2)

AL LLF,,RTH

IPRNT f
TTIME JNXTOWNZTCXC(101) . 20(8Y)
LF120)

93

33,.0%2,4°%)
1)G0 TP &0

TITLF

NXTGNZTNTD JTIRCY R LLIPRAT,DETA(L) (VGP, FoRTH
1} 1Tyer = 1

(X(The [=14NXT)

(7€1), T=1.NZT)

?3.0

. 1) 60 T 12¢C

TITLT

MXTNZTWNTR,LIPOY

BL. DETA(1Y, VGP, CF, FTH

NZT

NIENT PAFAMETES FECF  STEANY <STATE
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?

—

o2(1Y = 2.0

PLLTY = 0.5%(1,04P2(T1))
140 (1Y = 1.0

YELITIME EQ. 1) RFTURN

SAMPLE TFCY C(CASF 4

3" 180 K = LNXT r

NC1SC 1 = 1,N7T7

EUNC =2 1,0

~ne = 0,0

FINT = 1.0

ahe z C.C

TE(2(1) JGF. 1.34) GO TN 142
CIING = SIN(PT /2, 0% ((Z2(1)-1.24)70.1))
NE = P1/2.0/0,1%COSU{PT/2.0%0(7(1)=-1,24)/0.1))
143 TF(XIK) A7, 1.98) GO TN 145
ENT = CIN(PT/2.0%(X(K)/1,.8))
rr = C1/1.98/2.0%CCS(P1/2,0%(X(K)/1.98))
145 HFIKGT) = 1.0-RARXIK)I®(Z(T1)-1,24)%FUNC*FUNT
PUERX =(-RAXX(K)XFUNC-BARXX(K)%(Z(])~1.24) %DF) %FNT
NYFPRT =(-Ba%(7(1)1-1.24V*FUNCIXFUNTHDTR(-RAX(Z(1)1~1,24)%X(K)*FUNC)
PAKLT)I=7TCT)/UDLT)* % 2% (UFE(K,T ) %N LEC X¢DUEDT)
150 "CNT INUE
160 WOTTE (6, 322) MXT
WRITE (€, 326) ( X{1)I=14NXT )
WRITE (6, 324) NIT
WRTITE (64 326) ( Z(1),1=1,NZ7 )

RFTURN
260 FOSMAT( €15,5F10.0 )
270 ENOMAT(20A4)
290 TNRMAT(8F10.0)
322 FNAMAT (//7/1HO,2THTAPLE PF INPLT X FRCM 1 TO , 13 / )
324 ©MPOMAT (1HQ.27HTARLE 0OF INPUT 7 FRCM 1 TO , 13 /)
326 FOPMET (1N « 23X, 12F1C.5 )
330 FCOMAT(1HO, 202 4)
340 CNAMATL ///1HO,12H%%x CASF DATA/IHO ¢3X6HNXT =,13,14X,6HNZT =,173,

1 14X 6HNTR  =,13/ 4X,6HIBRDY =,13 114X,6HIZIG =, 13, 14X,
2 6HITURR=,13)

342 FNOMAT( 1H «3X,6HRL Z9E14, 642X 6HDETAL= 4F14,6,3X,6HVGP =,Fl4,6/
1 4%, 6HC F 246 14e 643X 46HRTHFET= 4Fl4.6 )

350 FOOMAT({1HO, 3X, 6HBSB =4F14,6,3X,6HBA =49F14.6+3X.6HBL =4,E14.6,
1 AX, EHT O =,F14,¢/)

END
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1

1

1

f - - - -

et

L avINeC

AL
LY =

TTANMD (e
ETAP &=

A N T el
CTMMON /B S/

FAMMAN JR) £D

2R D TEVEE LaIY
nATs DY,

TTHER

CYRE YT INE  TYO

“UFL101.P1)

A(10l.01.2)Y

TOMMNON /B TN/ Rt ,FF &k TRET) .
FOMMPON JSAVE/ TTIME NXTO (NZ2TCXC(101),20(RY)
UHELOL)FF LT ) GG(101) ,SHEARILOT)

UK. /72,1415G2¢%,0.41,4,2.0/

.FN, Y )Y GO TC ®

PCNETL -

610

1
O0.25%ETA (NP
1.5/ TA (NP

NXT G MZT NN R P FRTRVTWAY TROY GAPT 12!
VRO LA 101).FTa(1C)) TETA(101)
XC101) . 7(R1)LC(BY) F7(81),PLIRL)} P2(R]L).FI(IN].AL]}.

~
e

TSHER, FY &F,

CELVILIOL) LFU101.81,2),U201.P1,2) .V IL1D1,81,2),

l N2 g=1.NP

; "TAF = FTA(Y)/FTA(ND)

| ETAED = ETARRXRD

i ClIN7,2)= CETENPQACTLR2% (2,0-0.#FTAR2)
: MEIeNTy2)= Q.5%FTAR® (3, 0-F TAP2)

i VEINT,2Y= €TAY1S% 11, C~-FTAR?2)

‘ n(JcNZv2,= 1.0

3 FONTINUS

TFTIHON

r THRRUYL &M T DRNTILE
P
P Q7UM7 )= USINX MTZ)®T7(N72YI%RDL

¢enoy = €O T(RZ2(MZ2)Y)

rfEAD = O.5%rE

SQCFN 2= SORT(CFEN2)

T Ay = €ACFEN?

SRXCE2= SNE7%xCN(EN?2 i
t Sr=r2k= SNCFN2 /0K :

\A4 z N,

AN = SOCFEND/IOK

AL = ANXAN

rCclt = =1.69123016%88+11./712.%2N

rr> = M=2,05603%0L

rCa = =-1.5%28

fra4 = 1.0/AN=-C~-8L0C(SQrEL7>*RTHET])

A2 = CCLle0.5*M 20T LeC 25%( (IR L%2D

AL?2 T 0.5%(1C24CC23¥CC4) !

Ar2 = 0,25%CC32 <

19 YLNG = ALNGIYY)

FFC = YY<-(RAL#AA2XYICG+AL2RVYLOGR%2)

ne = 1.,0-13A242,C*AA2XY | OG)Y /YY

vy = FFC /NF

vy = YY=-DVYY

TFEARCEDYY) LT, 0.00C01) G Tr 20

1T = 17+]
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TEETY 7. 10) GO TP 10
30 TONT INUYF
LA A = 0.5 (77 4sALOGIYY))
QNEf YAz £ THZTY/VY
ETer = PNELTA/SQR?
TECITIME AT, LIWRTITE(E,150) PIF JPDFLTAFTAE,FF,QTHET]
ceqpexzz RQ . O0/SF XCED
Cavy 1D
nTC J=l.Ne
TELSTA0Y) JGT. SFGRPX) GO TN 40
AN conT aeyE
WeTGL =
CalRdalv
40 NEECY = g-]
n::(,? = )
~ P mINPTE FEP ,COD DRNCY|E S

i o baeme . . o

i &n 77 = TTAINOEGY) /ETA(ND)
27 = FTAINREGLYS®SFXTEQ
~ 2 V1 /CKS(ALNCHIR2)4CePIER () . ~CCCSIPI*T7))+772%77%(),~-717))
v = 0.0C€
(4 = 0
£ Fs&r z C 1% VY=-ATAN(Q2%( Y,
~e T 2 =C2/(].4(P28C Y )RR}
ney = ECC/NEJCY
rv = TYR(],-N0Y)
regrac(rry )L T,C0.001 LB, 1T AT LEY GCTO 7D
T = TTed
IS A A o

r2a) 1T T rvgcsyren

v = CAFCr e CD Y ED
i ~~ AFf  y=zl.,r0C€0}
1E1 M7 40) = SOCTOI% (ATAN(LTNTNRETL(Y))/7Y)

A v )., 2)
reygsncr

“

V™M /Ll O THTNTWEE TA( J) ) =%2)
TA, v0Y) A0 TP 1 CC

7 x TTAINCCNRY)/CTA(MPD)
; - = HNETULNT 2 /SRR (ALCG (SO XM T2 #CETAINCEGL) )40 F%
‘ ' (Le=C SUC 18720142282 2%0),-22))

YR = DTCHD T /ETA (NO}

AT N LI R IR

77 = ETA(JYIETA(MD)Y

TheANrE FhC(D IR ]
FINAMCE €T T -TNSANGER D)
M MTe2) = CTECONM AL (CRXCEDIRCTA( ) )4CHPIFR{]  —CCANG)422 %27 %
' (1.0-77%%
97 VIENONT ) = SCEOOKE (], /ETA (I e VI*CSTINANGH 7 2/ETRINP)#(D,-3,277))
- FRY TN ATE £ opQaETLE
12 TA NNl = D, YRS IHCC X(CFQ
C11.7.2Y = 2.0
L0 J=2.MRR0
1D T 3aMT 2V =C00 =020 (ETALYY /M YRDATAN(LTATVEETA () ) -] 0/ F FMe
! ELNGEL . De(UTH TMEETA L J) ) %42 )
TE(PRECY LFQ. NP) ANTT 13C
TTAY = ETAINEINL)

€y s DIE®ETA (MDY /€Y
r? = :'L‘/t',A'ND)
5 €F = FUOEFENRLIN?42) ~SCFOOKe (FIA)®(RLCGISEXCEP*ET ALY ~1,0¢C4PIEYV-Cyx%x
* CIM(O e 77 ) eF TA L® 220 272%(),. /2, ~-27/4.))
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] DN 120 J=NKEG2,NP
CTay = ETA(Y)

72 = ETAJ/ETA(NP)
120 SUJ N7, 2)=FC+SCEP2KX(ETAJX (ALOGISFEXCF2%FTA ) -1 .04 C+PIEYaF %S IN(P]
1 #27V¢ETAYXTIRTIL* (1 /3.~21/4.))

130 N0 14C J=1,NP
140 ULJNZe2) = ULJWNZ,2) /UINPLNZ,2)
, VINP,NZL,2) = 0.00010
! CALL FEDRY
QRETURN

159 CORMATLIHO,4HP TFE =, F14,6.3X,THRPFLTA=Z,F14,6 4,3 XSHETAR=,F14.6, 3%,

1 AHCF=,C14,643X8HRTHFTAL=,F14,6)
S0

PR e AR —— e Tt

I i, N b T

L
Y
s,

—r

1 T ——




[

10

°9

SYRRIAUTINT QUTPUT

COMMON /PL T/ NXTyN?T  NXeNZ NP NTRGITMAX,IBDY NPT, 121G, TTHF3, ET AF,
1 VGPLA(101) ,ETA(101),"ETA(1OL1)

COMMPN/RLCYZ X(101).2(81).0C1081) WRZ(81),P1(R]1),P2(81)},P3(101.P1),
1 UF(101,81)

TAMMON /R CO / DELV(101),(1C1.81,2),U(101,81,2Y,V(101.81.2},

1 R(101,R1,2)

FOMMANY/Z7G26G/ KALC(ICY)

FOMMAN/RLCD/ RLLCFLRTH

reMMNN /pRNT Y/, TPRNT

FAMMON/INTD/ N, IFXTBLY

FOMMAN /SAVYE/ TTIME JNXTCWNZTC L, XC(1C1) 4 ZC(81) «F=S{R1) ¢HSIR1),FTHET 2
RIMENSTIFN BTHETA(RL) L RTHT(RL) ,NPK(8BY)

RIMINCICN FE(10142).LUIL1CLV2) VWV I(10142) +RR(101,2)

PIVENCSICN TAMC10L1Y.UNMELICL)Y JUN(L1CL) 4BN(101)

N7 = N7T=)

texT?0x Q

TEXINZY = C

TTATTIMT LY, 3) A Y F
TE L O IeENT O NFE, 0O ) GO O R
WoerT=(e¢, 220 )

'\lD‘Al = K\D-—l

Jd =1

WETTE(E, 220 ) JaTT20I) 0P IWNZ02) sULIGNT742) o VIIeNZW2Y,BUJWN7 L2,
1 KALC (I

MDM2 x MDD

WETTE(Es 220 Y(JWETE(IN 0SSN Z22) sUCIONT47) o VIJaNT 42V 0P UJINT L 2],
M KALC (J) ,J=NPN2,NMP)

~OMT NS

MPKINZ)=ND

TF ¢ M7 (S0Q. 1 LMD, NT® NE, 1 ) AC TC 90

£ = SQOT( Z(NZ) / (RLRUCINTY) )
NFLETE = C 1% (ETA(NPI-F (NP (NZ,2) 7UINEN7,21)
rF =24 0%VILNZW 23 Z{SORTUFLEUTUNZI X ZINZI I X (YEINX G NZY/UCINT Y ) 2%2)

CFCtM7Y) = 7€

OFL ST= USIMNXNZIFNELSTRERL

ALY = 0.0

1 = UL NZG2)Y/UINP M T 320 % (10 0~U (L oNZW2)7UHINPLANZ L 2))
2" 1C J=2,NP

€2 = UGINTL2)/UINPGNTZ2)%(1.0-UIJyNZe2)/UINP4NZL2))
Sl = SUMLH(FL+S2)%A ()

=) = €2

THETA = [1xSIM

CTHETA(NTZY = UT(NXJNZYETHF TARRL

gTH = PTHETA (N7

H = NELSTR /THE TR

HS(MZ7Z) = H

TE ( IFYTEP GT. O3 JANP, NZ ,FQ, NZT ) fC TN 19D

TALL GPNWTH(1)

18 (ITIME LT, 2} GO TN 1CC

1F ( IPERNT 6T, 1 ) GO " 10C

WETTE ( 6y 242 ) DFLSTE g THETA yFF FNELST W,RTHETA(NZY M,
1 US(NX NMT7)

100 15 ( NZ .F0. N2T7 ) 60 70 1€<0

TECITIME L7, 3) AN TN 140
TFC M7 LT, NZ2) 6N TN 14C
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Al = N¢]
120 0 = LWNPT
FEtJIWN) E1JNZ,2) /JUFINXGNTZY

HUCIWN) UtJ.NZ,2)/LFINXINZ)
VV{J«N) VI NZ42) /LS (NXGNT)
120 RR{J,N) R{S.NZ,2)
TE U NZ JLT. (M2T-1)) GO T 14C
nC124 J = 1WNOT
TF (uUtder7,2) LLT. 0. ¥V GO 7F 120
124 ~ONT INMYS
o0 70 140
130 P71 = 2{N7T=-1)1-7(NZT~2)
NZ2 = ZNITYI=ZIM2T-2)
N 134 J = LNPT
ne FELY,2)-75(J, 1)
ol VUl 2¥-0UJ.1)
~v Vv(yg.2)-vvid. 1
ra PR{J 2)-RB(J,1])
FNUJ Y TE(J 1407220 /D71
LN Uutd. 1)+nz2%0L/N 7Y
VNed) VVEd.1)+D022%DV /D121
aN(d )Y RATJ.11+NZ2XDR /D 7]
134 reoNT InNys
Iex7ep =
TEX{NZ+1) =1
140 N7 = NZ+1
TELIZXT=e JLF, Q) GO TG 148
Nr 142 J = 1.NPT

nnonn

eonon o

Woaonn

VALT(YY = ‘
ElIsNT42) ENAJYRUR (NXWNT) -
I3eNZe2) UNTJY®UF (NXNZ)

VIS NZe2) WN{JI*UF(NXNZ)
142 21 3,N7,2) BaN(J)
TE (TRPEMT NS, 0) GO TO E
WeTTE(E, 220 0V
MPM]1 = MNP-1
WEITTELEe 230 YIJFTAT) 9y LIeNZ22) yULIeNZ2Y 3V (IaNT,2),REI,N7,20,

[ LI LI | S | B AN }

1 KALT (J) 4J=1,NPM]1,3)

J =MD

WETTE(FR, 230 ) JoFTA(I) qFUIINZ42) JUCIINTZ42) sV IJINZ42)0REIWN742),
1 KAaLC ()

SRS B

148 TF (NX G7. 1) GO TO 160

TMITTIAL GUFSS FOR NFXT STATION
o180 J=1.M0T
ClJyNZ,2)= FLIMT-1,2)
BEJaNZ242)= H(JNZ-1,2)
VIJ NZ 2= VI NZ=-1,.2Y

180 RUJyNT7,2)= R(Jo”l“‘.v?’
TF ( NX ,EQ, 1 ) RFTURHM

NETEPM INE MNP FOQ 71G78G SCHFEMF
1€ (N7 «FQ. NZ7T) 60 Tn 170
TEO(NX LFQ. 1) 6N TN 170
TEOINP LT, NOKINZ+1)) MP=NPK(NZ+1)
CETION
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160 NP = NPK{INZ)
IF (N7 .FQ. 1) QFTURN
IF INP LT, NPKINZ~1)) NP=NPK(NZ-1)
1° (171G .FQO. 0O) GO TO 17¢C
TE (NP LT, MBK(NZ+1)) NP=NPK(NZ+1)
170 ur = UE(NXMZ}/UEINXGNZ-1)
NN 18C J = 1.NPT
E(JaNZs2)= FUINZ-1,2)%UR
ULJeNZ.2)= ULJI\NZ-142)%UR
V(IJeNZ2e2)= VIJNI-1,2)%UR
R(JONZOZ)z R(J'NZ'IOZ)
180 COMT INUS
n C’UD_N
190 TFINY FN,. NXT _AND, ITIME .FQ. 1) RETURN
1F { IFFNT NS, 2 ) GN 70 194
X1 = X({NX)/32,0
WO TTE (A, 250 ) NX, XINX),XI
" 163 K = ), NZ
WOITE ( 6y 260 V Ko Z(KY 4y V(1 ¢Ky2) oJCFS(K) (MR (K} ,RTHFTA(K]),

)

1 UF (MX LK) o TF X (K}
192 FOMNTINUE
104 YE(NX .50, NXT AND. TTIMFE ,FQ. 3) S7rp
X = NX+1
N =0
N7 = 1
sHreT,

N 210 K=1,M2T

NC 2C0 J=1.NPT

TlJeKsl)= :(JQKOZ)

UlJeKal)= UlJeKoe2)

VIJeK,41)= VIS ,K,2)
200 A{JKol)= BROI(K,2)
210 CONTINYE

GO TQ 1éC

220 ETOMATE THOW2Y 3 EHY 3 4 X AHF TA J 10X o 1HE 312 X3 1HU 41 X 41KV, 13X LHE,RX,

1 HGHKALC)H

230 FACMAT(IH 4 I12,F10.5+4%14.6€,1¢)

247 CPRMAT(IHO, THREL STR =,E 14, 643X THTHF T2 =,F14,¢& ¢3AXTHCF =, FEl4 F/
1 TH L THRNEL ST=,F14,64+2%X,THRTHFT L= ,F14,6 /
I4 1H « THK TG Flad,€643XTHLUF =4Fl14,6 / )

250 © TULHOe S EHNX = T3 eS5XGBHXINX) = 4Fl0,5¢5Xe5HXT = 4F10.5/

VIHO. . 3H J ¢ 5XeBHZ (JY+SXeRHV (WALL) 410X $2HCF,
? 12X IHH, 12X+ EHR THETA G 13X 42HLE 48X, 6HEXTRAP 7 )
260 FOSMAT (1H 46X T12¢2X,Fl1e€e5(2X4E13.6),5%X,11)

[~ Yl
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SHRRAYTINE  SMrATH
FOMMAN/RLEN 7 NXT NZT NXoNZoNPNTR,TTMAX,1BDY,NPT, 121G, ITURB, ET AE,

1 VGO ,A (101),FTA(101) 4DETA(101)
FOMMAN/RLC L/ X(101),2(81) ,UC(81) JPZ(81),P1(81),P2(81),P3(101.81),
' US(101.81)
COMMON/RLCP/ DELVI1CL)oF (101,81,42) ,U(101,81,2)4V(101,81,2),

: 1 R(L0L8142)

! DIMENSION EST1011,US(1C1),VS(101).RS(101)

e e — e —————————————— e mme e ——— ~————————— - ——————————

ND = Np=]
NDM 2 = ND=)
JMax = 1
VM & X = V(1,NZ,2)

nno1c J = 24M0
1€ VEJaN7,2) LT, vM2X ) GC 7C 10

TE ( UJFErN LT, 0.0 JCP. VJYPRIP L7, 0.0 ) GC TC 20

VMAY = V(JN7,2)
IMLYX = J
10 CONMTINUYT
~Usl = UCIMEX4LMZ 421 =UlJINEXNT 42)
"vJ1l = VIIMEX+L4NT7.2)=-VIJINEX(NZ,42)
JS = JMAX42
NN 2C J=JS.MP
JJ =Jd
Ny 2 = ULIWNZH2)-U(J=-1NZ42)
~VvJ2 = V(JNZ.2)-VIJ-1.NZ42)
UypPEnn = BI2¢Ud1
vJeean = vygzxvyl
[~

LNR = NP2

"vJ1 = NV 2
20 CONT INIF

2N IE ( JJ FO. NP ) RETYUPN
P 4C J = JJNP

FCUI) = 0.5%(F{J=-1.NM7,2V4F (JWNZL2))
HSI) = 0,5 (U0J-1,M7,2)+4U(J4NZ,2))
VL) = 0.5%(VIJ-1,NZ,2)4VIJ,NT,2))
ROGJY = 0.5%(P(J-1.,NZ,2)+R(JM2,20)

40 CONTINUS
no 8C J= JJ.NPMY
ElIyNZ42)=0,5%(FSLII+FC{Js))
HIIeNZ2V=0,8%(USCIV+USLI+1))
VIJyNZ,2)=0.5%(VS{IVI+VETJe1))
BEI¢NZ,2)=0.5%(BSIJI+RC{J+1))
50 CONTINUE

yro = =VIND=14NZ,2)+{UINP,NZ,2)-UIRPM] ,N7,2))/A(NF)
TRECARSIVNP Y L7. AESHVINP(NZL2)Y) VINPGNZ,2) = VNP
scTyaN

eMn




1
1

100

140

SHAFNUTINFE KREPROF ( NPT, FF, UL, VV, BB, N ) ' !

TONMON/RLC Y/ X(lOl)oZ(Pl)vUD(Bl)9PZ(81’oPl(Bl)oPZ(BI);PB{1b1c81).

UELl01l, 81"
COMMONMY/RLCP Y/ OFLVI101),F(101,81,2),U(101,81,2).V(101,81,2), |
8{10l.81,2) .
FOMMAN /PRNT Y/ TORNT
rFOMMON/BLCS/ FC(lOl).UCULCL)»VC(1CY) L RC(101)
NIMENCICN c£(101,2),ULE101,3) ,VVI101.3),RB(101,3)
NIVENSION FE(101,42)UA(1C1l.+2)4VA(101,2),BA(101,2)
NIMTNSION EMCI0YY UNCTICL)Y VN{101),BN(101) ,DX{(2)
M = N+1}
nm1ccC T = 1,2
oI d = NPT
FilIsy 1)Y= 0.5 (FE(J,TI+FF (JW]41))
HAGY» 1= CoSx{UUI IV +UULD,1+1))
VIS, 1)z 0 5% IVVII.T14+VV(J,T+1))
RA(JI s 1)= 0.5%(RR(J,T1)+RP (J,T41)) ;
CONT INUF i
|
N 140 J = 1.NET
TlJeMe2) = 0,65 (FA(J,1V4F2(J,2))
HEYe N 2) = 0.5%(UA(JL1Y+LRATUN2))
VIJeNe?2) = 0.8 (VA(J,1)4+VA(J,2))
atJ.N,2} = DeE%x(RA(JIVI+RA(SL2))
FlJsMe2) = F{I N,2)
W{JeMe2) = UlIN,L2)
VIJeMs2) = VIJ,N,2)
RB(JsMa2) = P(JeN,2)
FCLJ) = FJIN,2) ;
UCtdY = UlJWN,2) i
Vi{Jd) = VIJIN,2) i
RELSY = 8{J,N2) |
CONT INU® f
cETYLN
END
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CYUBRAYTIME SNLVI(IT)
COMMON/RLEN/ NXTNZT NX NZJNPNTR,ITVAX,IBDY NPT ,1Z16G,1TUPR,ET AF,

1

VGPL,A(l01),=72(101),CFETA(LO])

FOMMON/RLT1/ X(101Y,2(81),uUC(81),FZ(8B1),P1(81),P2(81},P3(101,81).

1

Uc(101,81)

COMMQM/RLCC/ S11101),+S2(1C1),S3(101)484(101) +S5(101),S6(101}),

1

R1¢(101).R2(1C1),R2(101)

COANPN/RLCP Y/ DELVI1ICLYLF(101,8142),U(101,8142),VI(101,481,2),

1

P(101+81.2)

FAMMNN /PRNT/ T1DRNT
PIMENCION AT110101),212(1C1).A13(101),A21(101),A22(101).,A23(101).

1 611(101),612¢1C1),G13¢101),6G21(101),G22¢101),G23(101).
2 W10101),W2(101),W3(101),DELF(101),NELUCIOL)
RELAX = 1.C
If ¢ I7T .67. 4 ) RELAX = C.50
Wity = °21(1)
W2t1) = R2U1)
W2(1) = =2(1)
A11C1)= 1.0
Al2(1)= 0,0
£12(1)= 0.0
8211 1)= 0.0
422(1)= 1.0
A2201)= 0.0
6G11(2)=-1.0
f1202)=-0.5%PF 7L (1)
613(2)= 0.0
G211 2)= S402)
22 21=-2.,0%82(2)/"C7a (1)
R2202)= G22(2)4C6(2)
"N 2C  J=2,MP
TE(JS .0, 7)) G0 TO IC ]
TEN = (A12(J-1)%221(J-1)-223(J=1) *A11 (J-1)-A LU} %
1 (81209-1)%821(0-1)=-422(J4=-1)%A11(JU-1}))
L0 )= (£23(3-114A (V= (A(J)*A2]1 (J=1)~-A22 (J-1})}/PEN
G1203)=-01,0+611{J1%A11(J=-1)) /A21 (J-1)
G130J)= (G111 Y=A13(J-11+G12(J)%A22 (4-1))/7A0J)
F2100)= (C2(3)%A21(J-1)=-S4(J)*L23(J-1)+A (N *(S4(J)*
1 L£220J9-11-S60J1%A21(J-1)) ) /DEN
G22(J )= (C4(J)-621(J)*A111J~1))/A2]11J=])
R23091= (C2110)1%2812(J-11+6G22(J1*422(J-1)-S6(J))
10 ALlLYY= 1.0
L1204 )=-AC0)-G13(J)
L13(Jd)= &(J¥%G12(J)
A210 3= S20y)
A22033= S5(J)-G23(Y)
£22304)= SLOII+A(U)XG22(Y)
WItS) = P LI~ 1100 WL (J=10-G12 (U1 *W2 (J-1)1-F13(J) *W3(J-1)
W2(4) = R2(J)-G210J)*=W1(J-1)-G22 (JY*W2(J=1)-G23(J)*W3(J-1)
WYY = R2(Y)
20 €M™ INUF
NELII(NPY = W3INP)
1 = WIINP)=B]12(NP)XDELL (NP)
=2 = W2(NP}=A22(NP)%NELUINP)
NELVINP ) = (F2%#A11(NF)-F1%A21(KP)) /(A23 (NP)*£11(NP)-A13(NP)=%
1 A21(NP))
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30

40

NELFINP) = (E1-A13(NP)%XCELVINP))/ZALL(NP)

J = NP

J = J-1

€3 z WAJI=-PFLULI+LI+A (J+ 1) *DELV (J+])

PELVIJY = (ALLGI IR (W2(JII+E3*A22 (J))-A21 (Y WL (J) ~E3%A21(J)*AL2(J)
1 1708210 J0)%A12(J)*A(J+1)-A21 (JY*A13(J)-A(J+1)%
2 A22(J¥.A11(J)4A23(J)%A11(J))

PELUGY) ==A(J&+1)*DFLV(JY-F3

PELE(JY = (WLIJY-A L1200 *DELLCI) =AL3 (N *DFLV(J))/7A11()
IF(Y 6T, 1) GO ™0 30

TE U O IPRMT p T, 2 )} WRITE(&4 S50) VI(1,NZ,2), PELVID)

ND 4T J=1.NP

FIJaNZe2)= FUJINTW2V4DFLE(JIXRELAX

UGIeNZ 2 2)= ULJWNZy2)+NELULI)*¥RELAX

VIIINZ+2)= VIINZ2)+DELVII)*RELAX

WEL.NZ,2)= C.0

RETURN

CROMAT(IH 4 5Xe BHVIHALLY = oF 144 645X y6HDELVW= (F14.6)
enn
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